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I. INTRODUCTION
Optics measurements and corrections are of great importance for the LHC, due to its tight design tolerances on the beam orbit and optical functions. A large effort has been put in the LHC optics commissioning and in 2012 a record low β-beating was achieved [1] [2] [3] [4] [5] [6] . During the ongoing long shutdown (LS1) in 2014, improvements of the optics measurement methods are being studied. A better accuracy and precision will be needed since due to machine protection considerations the excitation amplitude and bunch intensity will be limited in 2015 which will reduce the signal to noise ratio for optics measurements. A direct way to improve accuracy and precision might be just considering more beam position monitor (BPM) data. However it is not possible to simply add more BPMs in the calculations as systematic errors would deteriorate the measurement accuracy. Using more BPMs requires an ansatz for the single phase uncertainty and a thorough analysis of systematic errors and correlations via MonteCarlo simulations. A new algorithm which allows us to reliably increase the number of BPMs in an optics measurements is described in Sec. II with a focus on its application for the LHC. Another improvement which is used here is the cleaning of measurement data using a singular value decomposition (SVD) technique, which is applied to the BPM turn-by-turn data. Improvements of the optics model for the analysis also lead to a better precision of measured optics parameters, which is described in Sec. III. Furthermore, a more accurate calibration of wide-aperture quadrupole magnets (MQY) is used, which has been verified in a dedicated machine development session [7] . These improvements allowed to calculate β Ã and dispersion values for the β Ã ¼ 0.6m optics. With this enhanced precision it was possible to derive reliably the β-values at the position of the wire scanners during the energy ramp. The emittance study during the energy ramp profited highly from the more accurate β-values [8, 9] . The propagation of measured optics parameters to other elements is described in Sec. IV, together with an error propagation using analytic equations. In Sec. V results from reanalyzing experimental data from 2012 are presented.
II. N-BPM METHOD
BPMs are used to measure the turn-by-turn data of betatron oscillations, which are excited adiabatically by an AC dipole [10, 11] . The phase of this oscillation can be derived by a harmonic analysis of the turn-by-turn data at every BPM position. With the phase advance and transfer matrix in between three BPMs the β-function can be calculated at the position of the three BPMs [12, 13] .
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The Twiss parameters β i and α i at the positions s i can be obtained with Eqs. (1), (2) where ϕ i;j ¼ ϕ j − ϕ i is the phase advance and M mnði;jÞ are the transfer matrix elements from s i to s j , cf. Fig. 1 . ϵ ijk is the Levi-Civita symbol which allows for a compact notation of the three cases of deriving the Twiss parameters at the different BPMs. No summation over equal indices is implied. 
The accuracy of this method depends not only on the knowledge of the optics model and the precision of the measured phase but also on the value of the phase advances between the BPMs. From Eq. (1) it can be seen that, for example, a phase advance between two BPMs should not be close to a multiple of π as the cotangent becomes infinite at those points. Figure 2 shows the propagated error of the β-function, depending on the phase advances between the three BPMs. From Eq. (1) one can derive two conditions for the optimal phase advances. The phase advance from the probed BPM (i) to the other two ðj; kÞ should be
The method that has been used so far takes three neighboring BPMs for the calculation of the β-functions at these three BPM positions. In the arcs, where in general the phase advance between consecutive BPMs is about π=4, this method is already close to the optimum phase advances, when probing the middle BPM. However in the case that the probed BPM is not in the middle of the other two BPMs, the optimum would be to skip the farther BPM and use instead the next following BPM, cf. Fig. 3 .
In the interaction regions (IRs), the phase advances can be very different as the optics do not follow the regular focussing-drift-defocussing-drift structure of the arcs in order to fulfill other constraints, e.g., collision point focusing. For example in the ATLAS and CMS IRs, where the β-function reaches very high values, the phase advances between consecutive BPMs close to the interaction points (IPs) may only be a few degrees. If in this case only neighboring BPMs are used, this results in large uncertainties. This prevented β Ã measurements at the IPs in 2012 [3] .
An improved algorithm is developed here, which allows us to use more BPM combinations from a larger range of BPMs. This makes it possible to include BPM combinations with better phase advances and also increases the amount of information that is used in the measurement of the β-function. A range of N BPMs is chosen centered at the probed BPM. To find the best estimate of the measured β-function from m combinations of three BPMs out of the N BPMs, a least squares minimization is performed of the function
where β i are the β-functions inferred from different BPM combinations at the given probed BPM and V ij are the elements of the covariance matrix for the different β i . Therefore the minimization of SðβÞ is considering the individual uncertainties and correlations of the β i from the m different BPM combinations which allows for a better estimate of the β-function. The measured β-function at the probed BPM position is then a weighted average of the m β-functions
From the minimization of Eq. (4) we can derive the weights
This equation replaces the simple average introduced in [1] . The uncertainty for this measurement is
The higher sensitivity due to this BPM selection is illustrated for a special situation in IR4 in Fig. 2 , where the used phase advances in the neighboring BPM method (∇) and in the N-BPM method (∘) are shown. The covariance matrix V is an element-wise sum of the covariance matrices for the systematic and statistical errors
For this method it is fundamental to have a precise knowledge of these covariance matrices which will be derived in the following sections.
A. Statistical uncertainty of the measured β-function
If Eq. (1) is used to derive the β-function, two phase advances between BPMs are used (ϕ i;j , ϕ i;k ) in which the BPM (i) appears twice. This introduces a correlation which must be regarded in the error propagation, since the same phase measurement at BPM (i) was used in the calculation of both phase advances. More correlations will occur when the BPM combinations to calculate the different β i in Eq. (5) have common BPMs, which all contributes to the covariance matrix V stat .
The error of the measured phase advance can be derived from the standard deviation of n measurements
where ϕ i;j is the average phase advance from BPM (i) to (j) and tðnÞ is the correction from the Student's t distribution, which compensates the underestimation of the uncertainty for a small sample size. During the LHC Run I the error was calculated from a normal standard deviation without the t correction and by dividing the sum by n instead of (n-1). This has been changed since the mean value of the phase advance is also obtained from the measurements, and there are only (n-1) degrees of freedom left for the calculation of the standard deviation. Table I shows tðnÞ for different number of measurements, which shows that this correction is needed since due to limits in the beam time, the amount of measurements is always limited. The correlation between two phase advances which have one BPM in common, ϕ i;j and ϕ i;k , depends on the uncertainty of the single phase ϕ i at the common BPM. The error of the single phase ϕ i is not known, because it cannot be compared among the measurement results since its value is arbitrary and may vary. We are using the ansatz σ ϕ ∼ β − 1 2 as shown in [12] to derive the single phase uncertainties ϕ i from the uncertainty of the phase advance ϕ i;j based on the β-functions at the two locations s i and s j
The correlation coefficient between two phase advances ϕ i;j and ϕ i;k with j ≠ k can be derived by transforming the covariance matrix of the single phase uncertainties
to a covariance matrix of the phase advances by using the transformation matrix
With the transformation T T 1 MT 1 one gets the covariance matrix for the two phase advances ϕ i;j and ϕ i;k in the standard form 031002-3
from which the correlation coefficient can be extracted as
Let the phase at the probed BPM be ϕ 1 , all other phase advances can be calculated with respect to this BPM. The elements of the covariance matrix for the different phase advances ϕ 1;2 to ϕ 1;n are defined by
which is σ 2 ϕ 1;i when i ¼ j and AEσ
elsewhere. Using the transformation matrix
the covariance matrix for the phases can be transformed to a covariance matrix for the m β-functions (V stat ) which are calculated from using different BPM combinations,
This covariance matrix is to be used in Eq. (8) .
As a test of the correct implementation of the equations for the statistical errors in the optics analysis code, simulations of the optics measurement have been performed. Turn-by-turn BPM measurements were simulated for every BPM positions with enhanced noise and without SVD cleaning. This has been done to create 500 sets of BPM turn-by-turn data, which corresponds to 500 measurements.
Since in contrast to a real measurement, in this simulation the phase at each BPM is known in absolute values, it is possible to derive the uncertainty of the phase for each BPM position from its variation. As the uncertainties of the single phases and also of the phase advances are known, they were used directly in Eq. (14) to create the covariance matrix. The aforedescribed error propagation was applied and the β-function derived according to Eq. (5), with its uncertainty according to Eq. (7). Systematic errors are neglected here as they are not depending on the amount of measurements.
The distribution of the β-function in these 500 data sets has been fitted to a Gaussian for each BPM. The value of the σ from the fit was then compared to calculated uncertainties of the β-function using Eq. (7), cf. Fig. 4 . The calculated values of the uncertainty agree well to the expected value from the variations of the β-function, which is not the case for the old equations for the error calculation, where the error bars were too pessimistic. In this plot one can furthermore see that most of the points are located at two levels. This is due to the fact that the BPMs in the arcs, where most BPMs are, alternate between two β values, and the larger β-function can be measured with a higher relative precision.
The simulated sets of BPM turn-by-turn data can be used to study the uncertainty of the error bar. For that purpose, several measurement files can be analyzed together, so that the phase uncertainty will be calculated from a limited amount of measurement files. This has been done in [14] for analyzing up to ten measurements together, and it was concluded that using at least five measurements is recommended.
B. Systematic uncertainties
The influence of deviations in the optics model to the measurement of the β-function can be determined by introducing errors in the optics model following a Monte-Carlo approach. The β-function is then calculated using the phase advances from the perturbed model and the transfer matrix elements from the ideal model. The variation of the β-functions corresponds to the error for every given set of BPM combinations. The following uncertainties are considered in the estimate of the systematic error: (i) the uncertainty of the quadrupolar error (b 2 ) of the dipoles, (ii) an individual uncertainty of the gradient for each quadrupole magnet family, (iii) a Gaussian distributed misalignment uncertainty of 1 mm along the longitudinal axis for quadrupole magnets, and (iv) a Gaussian distributed misalignment uncertainty of 1 mm in the transverse plane for sextupole magnets. The gradient uncertainties for the different quadrupole families have been derived from magnetic measurements [15, 16] . The distribution of the measured b 2 component and its uncertainty have been fitted with a Gaussian distribution for each magnet family, see Table II .
This has been done for 1000 cases where the errors have been varied following Gaussian distributions, truncated at three standard deviations. From this Monte-Carlo simulation one can derive the covariance matrix of the systematic errors V syst . In Table III the average systematic error at arc BPMs is shown for different BPM combinations. In this table several combinations of three BPMs have been omitted since they show the same results due to the symmetry and regular distribution of BPMs in the arcs. It shows that the systematic error is around 0.3% when neighboring BPMs are used. It increases to up to 1.5% in most cases if one allows to skip one BPM, i.e., for a range of 7 BPM. A range of 9 BPMs is not shown in this table as the systematic error would be very large since the phase advance to the fourth BPM left or right of the probed BPM is around π. Although the systematic errors increase for larger ranges of BPMs, for a range of 11 BPMs some combinations of three BPMs can be found with uncertainties below 2%.
C. Range of BPMs
The described algorithm to derive the β-function at one BPM allows us in general to use the measured turn-by-turn data of all available BPMs. However the farther away two BPMs are the larger become systematic uncertainties of the transfer matrix elements and the improvement of the error bar will therefore become smaller. On the other hand the computation of the covariance matrix is more time consuming for larger ranges of BPMs. The gain in precision and accuracy was studied with simulations for a range of up to 13 BPMs and different amount of used BPM combinations. The BPM combinations were sorted according to the expected error for the β-function based on their model phase advances. This allows to exclude BPM combinations that have unsuited phase advances, for example if the cotangent in Eq. (1) becomes infinite. The BPM combinations which are used for the computation of the β-function are drawn from this sorted list starting with the combinations with the best phase advances. Another simulation was performed with a sample size of 1000, where we applied random model uncertainties according to the previous section, as well as a Gaussian noise of 200 μm to the BPM data for an oscillation amplitude of 1 mm in the arcs. From the fit of a Gaussian distribution to the variation of the β-functions at each BPM we can derive the following two parameters which describe the uncertainty of the measurement. The mean value of the distribution of the β-functions is the accuracy, as it shows a bias toward larger or smaller results. The width of the distribution is the precision which describes how much the results are spreading. The average accuracy for all BPMs is always below 0.25% which shows that the bias toward a wrong result is negligible, cf. Fig. 5 . The improvement for the average precision is shown in Fig. 6 . The gain in precision is very little when increasing the BPM range from 11 to 13. The amount of BPM combinations increase the precision noticeably up to using 6 BPMs and seem to saturate after that. For the calculations for the LHC in the following sections we are using 10 BPM combinations from a range of 11 BPMs, which seems to be a good compromise between computation time efficiency and precision. 
III. MODEL PRECISION
The calculation of β-functions from the phase advances requires knowledge of the optics model, cf. Eq. (1). Furthermore the N-BPM technique, which was described in the previous section, will also use BPMs which are farther away from the probed BPM. Therefore model uncertainties play a more important role. In this section the benefit of considering measured b 2 of the LHC dipoles [17] in the model for the optics measurement is studied. For example, for injection optics at 4 TeV, including the dipole b 2 errors and the corresponding corrections with the arc trim quadrupoles (MQT), shows a β-beating of around 10%. The dipole b 2 errors are available for different energies from the WISE simulation [15, 16] . The phase shift of the betatron oscillation due to the b 2 errors is canceled arc-by-arc using the arc MQT magnets for a correction, as illustrated in [2] . Several measurements from the 2012 LHC run with different optics configurations have been reanalyzed using the N-BPM method as well as an improved optics model which includes the dipole b 2 errors.
The new systematic error from Sec. II B was compared to the standard deviation of the three β-functions from using different BPM combinations, which has been used in the past as an estimator of the systematic errors. In Fig. 7 In Fig. 8 the two contributions to the final error bar of the β-function are shown separately. Using the N-BPM method reduces the error which is propagated from the uncertainty of the phase advance. For the systematic error a large decrease is observed when using the N-BPM method. This indicates that in the past, the systematic errors were in general largely overestimated.
IV. PROPAGATION TO ELEMENTS
In the previous sections, the measurement of optical functions was described at the BPMs. It is very important to know the optical functions also at other positions as for example at the collision points or locations of diagnostic instruments like beam wire scanners. The segment-bysegment technique is used for the propagation of optical functions [1, 2] . It basically runs MADX in a part of the accelerator in between two BPM positions. The measured optical functions at the BPMs are used as start parameters for this simulation. In addition, this code is also used for finding optics corrections. For that purpose the measured phase is compared with the model phases in each segment. For the propagation of the measurement uncertainty, analytical equations are derived here. The beta-beating propagation can be described by an oscillation with constant amplitude A which propagates with twice the betatron oscillation frequency.
Δβ
Using Eq. (18) one can approximate the deviation of the phase Δϕ due to the β-beating at the start of the segment. Error propagation on Δϕ using the uncertainties σ β 0 and σ α 0 of the optical functions at the start of the segment leads to the uncertainty of the propagated phase
This error is shown in Fig. 9 versus the phase advance from the beginning of the segment. Periodic minima in the uncertainty of ϕ s are observed at multiples of π. For optics correction, where the simulated phase is used, this suggests to use various segments to achieve a low uncertainty of the phase for more BPM positions. From Eq. (18) one can also derive the uncertainty of the propagated β-function
This error is now considered for the calculation of β-functions at other elements, e.g., for the β Ã , see Sec. V. Since this method requires knowledge of the optics model one can derive a systematic error of the propagated optical functions similar to the systematic error of the measured β-function which was introduced in Sec. II B. It is planned to implement a systematic error in the future in the segment-by-segment technique as well.
V. 2012 MEASUREMENTS
With the improved algorithms, previous measurements have been reanalyzed. For the optics model the dipole b 2 errors were considered, together with the new calibration data of MQY magnets. A SVD technique was used to reduce the noise in the measured BPM turn-by-turn data [19, 20] . Only the 12 strongest singular modes were kept, since simulations showed only marginal improvements for smaller cuts. Figures 10 and 11 show the resulting β-beating from the 2012 measurement of the β Ã ¼ 0.6 m optics. The error bar for many BPM positions has improved significantly. For the peak β-beat, only data points whose absolute value is larger than two times its error bar are considered. The rms and peak β-beating are shown in Table IV . The increased precision can be seen in the fact that now three times more data points passed the criteria to be considered for the peak β-beat. Compared to the 2012 analysis the derived rms β-beating is similar, as well as the peak β-beating, which are at or below 9%.
From this measurement, the β Ã values at the interaction points have been derived, cf. Another set of optics measurements in 2012 has been performed during the energy ramp. The purpose of this study was to understand the optics behavior during the ramp, from which also other studies profit, as for example the emittance measurement during the ramp. In contrast to optics measurements before or after the ramp, which are repeated several times to increase statistics, only one measurement per energy is possible during the ramp. The resulting β-functions at the wire scanners are shown in Fig. 12 together with the values from k-modulation measurements [21, 22] . An advantage compared to the k-modulation measurement is that it is possible to measure during the energy ramp. For example Beam 1, vertical plane, shows an oscillating behavior of the optics, which might explain why an emittance shrinking is observed if only interpolated β values are used [9] . Significant deviations can be seen for Beam 1 (vertical) at 3 TeV and Beam 2 (horizontal) at 4 TeV, which shows the need for more measurements at different energies during the ramp. Another improvement, which is especially helpful for the measurements during the energy ramp, is to record the BPM data for more turns which will increase the precision of the measured phase. An upgrade to the AC dipole is foreseen during LS1 to allow for a longer duration of the driven oscillation [23] .
VI. CONCLUSIONS
Improvements to the optics measurement and correction have been presented. Using the new N-BPM technique together with SVD cleaning of the turn-by-turn data and an optics model that contains the dipole b 2 errors significantly improved the accuracy and precision of measured optical parameters. This was made possible due to a detailed analysis of the statistical and systematic errors and their correlations. For the first time systematic errors due to uncertainties in the optics model have been derived based on Monte-Carlo simulations. This allows, together with the improvements of error determination in the segment-by-segment technique, for the calculation of β Ã from the 2012 measurement data, as well as β values at the wire scanners during the energy ramp. A reanalysis with the improved techniques shed light on the emittance evolution in 2012.
